Let us consider 77 and K K channels. Then

pr(s) = \/8‘4”””% pa(s) = \/3‘4"”%

S S

If g3 = O the amplitude is one channel amplitude and has the Breit-Wigner form with
I'M = gip1(M?). If the g3 > 0 but K-matrix pole is situated much higher then the
second threshold then again the amplitude has the Breit-Wigner form with

TM = gipi(M?) + g3pa(M?).



Let us assume that pole is situated far from first threshold but close to the second

threshold. Then we can put p; (s) = 1 and the pole in amplitude is situated at:
s=M?—ig?

Let us now increase g> coupling. On second sheet defined as:

ip(s):i\/s_jm%( =i(a—1ib) =b+ia  where a>0, b>0.
Then in first approximation:
s— M?*—b—i(g; + a)
On the first sheet:
ip(s) =i(—a" +1ib") = —ia’ =V  where a >0, b >0.
And

s— M*4+0b —i(¢? —a)



Thus, the pole on second sheet moves to / K threshold and became broader. Pole on
the first sheet gets away from K K threshold and up in the complex plane.
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If pole was situated below K K threshold then the closest to physical region sheet is

the first sheet:

— 4m?
ip(s) = i\/S Tk — i(—a+ib) = —ia—b where a>0, b>0.

S
and then:

s — M?+b—i(g? —a)

On the second sheet we have:

— 4m?2
ip(s) = Z\/S Tk _ i(a" —ib') =id +b  where a >0, b >0.
s
and then:
s— M*—b —i(¢5 +a)

So the pole on first sheet moves to the / K threshold and became a narrow one while

on second sheet pole moves out of K K and down in the complex plane.
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At large K K coupling the amplitude squared \All |2 became effectively more narrow
due to fast opening of the K K threshold.
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Three body phase volume:
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Gauge invariance
The result does not depend on shift: for the photon polarization vector:
(8% (8%
€u 7 Eu T XAu
where g, is photon momentum and Y is any scalar function.

It means that:

A=e2d,  qut,=0

For real photon:
%4, =0 ¢y = (¢0,0,0,q.) €. =1(0,1,0,0),¢% = (0,0,1,0)

Structure of the projection operator for a massive particle:

. P,P,
O,uy — g 5g53 = Guv — ]l\}2
«




For photon propagator the projection operator only exist for the interaction

Y(q) + N(k) = N*(P)

11
_ o _ Ok q,u ql/ P,LLPV
OZV - Zgugl/ = G (g+)2 M2

where

P,P,
Qi_:CIV (g,uu_ ]/\}2 )

Therefore:
PMOZV =0 quOZV =0

The current conservation:

~

J,=01,J,



General structure of the single-meson electro-production amplitude in c.m.s. of the
reaction is given by

ijoik; . k 7q) .
J,=iF16,+F2( q}gwa L +iF3—5 @F) ; +iFy @qu

=Gy
k]| q] k|| q°
37
LiF, (k) 2> K, +iF, _(9) |
4 |67Wf\

where ¢ is the momentum of the nucleon in the 7N channel and k the momentum of the
nucleon in the 7v/N channel calculated in the c.m.s. of the reaction. The o; are Pauli

matrices.
i} ok
O-M == O',u @kﬂ /L_]. 2 3
N ik
qdp = Qqu— ———k,=q,— 2k
v v ’k”Cﬂ 7 v .
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The functions F; have the following angular dependence:

©.@)

Fiz) = % [EMF+EfIPL () +[(L+ )My +B7 P (2),
Falz) =3 [(L+ )M+ LM;]P(2)

[Ef — Mg]P£+1(Z) +[E, + M |P_ (%),

I

O
[

[]8

~
&

M} — B} - Mp — E{JPL(2).

y

O
||

8

I
\V}

h

O
[

L

(L+1)S} Ppiy(2) — LS, Py (2)]

I
-}

(LS, — (L+1)S7]P(2)

J

O
||

18

~
'I_I‘

Here L corresponds to the orbital angular momentum in the 7N system, P; (z), P/ (2)
are derivatives of Legendre polynomials z = (kq)/(|k||q)).
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~v NN interaction

Photon has quantum numbers .J©“ = 1=~ proton 1/27. Then in S-wave two states
can be formed is 1 /2~ and 3/2.

Then P-wave 1/27,3/2" and 1/27,3/2% 5/27T.

In general case: 1/27,1/ 27 are described by two amplitudes and higher states by

three amplitudes.

V( +)om — /VMZ’Y X((xl) Ay, V( _)Oén = ¢ ’YﬂXﬁ(Zj_l) ’
V( —|-),u = 7U275X/SZ$ ) . Va(2 )ozlu — X/(jg‘_i_l)a

3— n—
V( +)'LL = /71/'5/7 XISCk—ll_ )ang,LLOé ) V()El...)()éun — X(()‘Q"'gngo‘lu .

Gauge invariance: ¢,,q1, = 0 where g;-photon momentum.

gﬂv(Qi)u — O*¢ V(3i)u

87 a1...0n

where C'T do not depend on angles.
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The functions F; have the following angular dependence:

©.@)

Fiz) = % [EMF+EfIPL () +[(L+ )My +B7 P (2),
Falz) =3 [(L+ )M+ LM;]P(2)

[Ef — Mg]P£+1(Z) +[E, + M |P_ (%),

I

O
[
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~
&

M} — B} - Mp — E{JPL(2).

y
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8
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h

O
[

L

(L+1)S} Ppiy(2) — LS, Py (2)]

I
-}

(LS, — (L+1)S7]P(2)

J

O
||

18

~
'I_I‘

Here L corresponds to the orbital angular momentum in the 7N system, P; (z), P/ (2)
are derivatives of Legendre polynomials z = (kq)/(|k||q)).
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For the positive states J = L + 1/2 (L=

At = alqn) XSV ., (0
F —
F. —
F —
Fito=
F —
F —
where
0 —

5 (Rl xixs

Therefore

B = Mt =

n):

)Fal anVB('L—l—)BALn(kJ_) (kn)

An Py
A\n P!

Xif = /M + koi s

An

S]“L
n+1
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An

Cn

En = Gty R0 XX s
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E M S
1 An An An
Vit | o ] T
V2+ >‘_n _ An >\_n
n+l n(n+l) n+l1
Vl— _Cn—|—1 Cn—|—1 gn—|—1
n+1 n+1 n+l
V2| -A, 0 ~A, 2
VB_ —0On-—1 0 Qn—lnT_l
— 27?:3—1(% ‘Cﬂ)nXin An — n(njl)
- (07%

k™|

n+2

The correspondence of the vertices and multipoles (J = n + %):

5 (KNaD™  xix s

XiXf



y (q)

T (ky)
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Partial wave amplitude:
transition amplitude with fixed initial and final states

Quantum numbers: mesons 1¢ J7¢, baryons: I.J7, decay LS basis: 2° 1 [ ;
G, 4+ P.C! G, 1+ P.C., (25’
Ifljlplcl _|_I2GQJ2PQC'2 (2S—|—1LJ) _ JGJPC I{ 1 { 1 1‘|‘I§ zjé 202 (25 —i—lL{])

G = G1Gs G=GG,
P = P Py(—1)F P =P P(-DF
L —Li<I<hL+1L |[-Li<I<II+I
Ji— | <S<Ji+Jy |J=J < S <J + T
S—Ll<J<S+L |-L|<J<S+1L

A(s,t) =V, op, (S, L) PRk VI (ST, L) A(s)

n = J mesons n =.J — 1/2 baryons
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In momentum representation the particle with spin J (n = J):

1
\/ﬁum...une

The spinor function u,,, .., satisfies:

1pT

\Ij,ul-",un T

2 2
D Upypopy = M Upy oy

PpiUpipo..pn = 0

Gpip; Ypapipin, =V

u,ul'--/vbi---ﬂj---,un - u,ul---lij---,ui---/in

These conditions are the main basis for construction of projection operators.
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1 Boson projection operators

In momentum representation:
2n+1
Hapze fin — ()P OHH2 un _ E (Z)*
P _< ) 0 u,ulu2 Uy vy,

Viva...VUnp vivs.. Un

The projection operator can depends only on the total momentum and the metric tensor.
For spin 0 it is a unit operator. For spin 1 the only possible combination is:

4 PuPv
O/Ij :guy :gMV o ;2

The propagator for the particle with spin S > 2 must be constructed from the tensors

gW this is the only combination which satisfies:
1
p,ug’uy — O
Then for spin 2 state we obtain:
OH1H2 — 1 . 1 1 1

Vi1U9 z(glulljlg,ugljg —i_g,ulugg,ugul) Sg/’l/ll’l’ng]-yQ

19



Recurrent expression for the boson projector operator

Qb — i Z g cHi—1Hi41 ML
v, L2 ,u,zl/j 1/3 1vj+1...vy,
1,7=1
Z g g O M= 11— 11 L
(2L _ 1) 2L 3 Mg b IV Vim Vk—1Vk+1---Vm—1Vm+1---VL
’L<] k<m

Normalization condition:

.. ,uL V1 VL — Ml ‘KL
QL1 B QUYL = Qh1--L
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Orbital momentum operator

The angular momentum operator is constructed from momenta of particles k1, k> and
metric tensor g,,,..

For L = 0 this operator is a constant: X? = 1

The L = 1 operator is a vector X, , constructed from: ky = 2 (k1 — ko,) and
P, = (k1,, + k2,,). Orthogonality:

d*k d*k
/ — XV x O —/ — XM X0t =¢p, =0

41 41
Then:
1 _ n _
xX\Vp, = X" P, =0
and:
PP,
Xlgl) o k;]b_ T kl/gl/L,u,? gli_,u — <gl/,u p2 ) )



Tk ym2 _go g
E i s pin - Puips =

The orthogonality and symmetry properties can be written as the set of
following conditions:

1. X;(L?)ulujun — ,L(L’;L)IU,J/L@,LLn (symmetry)
2. PMX,(L?.)..M...M =0 (PP-orthogonality)
3. Gu X o o =0 (tracelessness)

For low orbital momenta:

0 1 1 2 3 14,1 1 2 1
X = ) Xpb — k,u 3 X;u/ — 5 (ku kl/ - g k_LguV> 3
X3 o 5 kJ_kJ_kJ_ ki 1 kJ_ 1 kJ_ kJ_
uro 5 w v vae T 5 g,uu o +gua v +gua 7 ’
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Recurrent expression for the orbital momentum operators X fﬁ)un

(n) 2n—1 (n—1) 2k% (n—2)
X b ZszX Mg —1 M1 o n2 Zg/L@/J’JX Mg —1Hi41 Mg —1 41

Taking into account the traceless property of X (") we have:

n

Xy i Xy = a(n) (k)" a(n) =]

=1

20—-1  (2n-—1)!
) - n!

From the recursive procedure one can get the following expression for
the operator X (™):

H1 2 272, .

n k=
X( ?'-Nn :a(n) [kj_ kJ_ ki_n o —J_l (g,i_l,u2k/i_3 k,i_n +) +

ki T
(2n — 1)(2n — 3) (9“1”29M3u4ku5 ok, ) + .
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Scattering of two spinless particles

Denote relative momenta of particles before and after interaction as ¢ and £,
correspondingly. The structure of partial-wave amplitude with orbital momentum
L = J is determined by convolution of operators X (%) (k) and X (1) (q):

Ap = BWi(s)X(M) , (ko XL | (q) = BW(s)X{" , (k)X | (q)

BW,(s) depends on the total energy squared only.

The convolution X, (L) ur (k)X p(u) 1. (@) can be written in terms of Legendre

polynomials Py, (2):
X, 09X, 0) = o) (KL ) Pt

(ktqt) (L) = ﬁ 2’n,n— 1

2
k1val n=1
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Angular dependence of |A; | for J = L = 0, 1, 2, 3 states.
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Structure of fermion propagator

The orthogonality condition has a different form in a fermion case:

/\Ifu(x)\lf*(x)cflx =Ap,+B~v,=0

where A and B are matrices in spinor space.

It means that we have an additional condition:

1 .
v, =0 u,=0 v, = w,e’t’
T ¥ p Vitp I N I
I 0 _ ~ 0 ©&
70:5: ) 7:604: . ) V5 =
0 —1 —c 0

Here & are 2 X 2 Pauly matrices:

0 1 0 —1
01 — 09 — 03 —

1 0 10



() 1 (po + m)w® 1) 1
U — w —
VPo +m (po’)w® 0

iy _ ((po +m)w™™, —(pg)w”)
VPo +m

Summing over polarizations we obtain:

> ua =mp D= DPuYu
=1

Orthogonality conditions for J = n + % spinors:

(]3 — m)uul...un =0 D= Pu™u
Pu;Upy...pp, = 0

Upyooppgepigonpin — Wiy i iy pin
Gpipp; Uy .y, = 0

Virs Gpay .opi, = 0
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These properties define structure of the fermion projection operator Pﬂll oHn

...Un

m—+p
2—p

The boson projector operator projects any operator to one which satisfies all boson

G,LULll...,un — (_1)77,

H1... b
...Un 2Fl/1...unn

m

properties. It means that we can write:

M1 b I Ry v 7% a1...0n Bl---ﬁn
Fyl...z/n T Oozl...oznT 1...0n Oul...yn

T-operator should be constructed from the metric tensor and y-matrices.

1 1

’}/ai’)/ozj — igoziozj —|_ O-sz'aj7 Where O-OéiOéj — 5(70%'7/043' o fYOéijOéz')

OGOy

VeV OélBQ--- =0

Therefore, the only nonzero structure is:

O'ul'uQW’Yoz'fYB'Oﬁlﬁln

d109.. 7 Vivo...
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Then:

F/u‘/l ,Ufn S O,Ull MUn Tal an 051 57@

S0 By

29
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n+1 n
Tal — o o
o 2n+1(9 161 nHUlBl)Z:Z
J=1/2 P=1
1
J=3/2 Pﬂ:§(gw/ %L%/S) where



7N interaction

Pion has quantum numbers J©¢ = 0=, proton 1/2%. Then in S-wave the only state
can be formed is 1 /2. P-wave can form two states 1/2% and 3/27.

In PDG review, states are defined by quantum numbers from the 7/V decay: Lo 1,27 For
example D13 means 3/2~ N* state.

States with / = L. — 1/2 are called '~ states (1/27,3/27,5/27,.. ) and states with

J = L+ 1/2 are called ’+ states (1/27,3/27,5/27,..).

For '+’ states:

+ _ n
Nﬂl---un o X/(h-)o-,un

and for ’-’ states:

Vi...VUp n—41
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In c.m.s. of the reaction

1
A.n =w"[G(s H(s,t)i(on)] o' i = =—€iimkiGm
|G(s,t) + H(s,t)i(on)] il q
G(s,t) = Y [(L+1)Ff (s) = LF} (s)] PL(2)
L
His.t) = 3 [F (5) + Fy ()] P42
L
+ NI+ AL a(L) +
Ff = ()P RN T e Bw ).

Fr = (COHORIaE v S Bw (s).

L 25—1 (2L — 1)!!
===

=1
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NN - scattering

Transition of two baryons with momenta p; and p> into two baryons with p’1 and p’2,
s = (p1 +p2)? = (p| +p5)°% k = p1 — p2, k' = p}y — ph. Two baryons with J' =
can have spin states S = 0, 1.

A= (a@h)VE L (K us(—ph) ) OB (@ (=po) Vi E,, (k1 )u(p)) Apu(s)

l+
2

—09 0

w5(=p) = Cu (p) c—m—< ’ )

Vertex operators:

Vo =i XD L, (k) Vil = 2 X 7l ()
J
Vl - ui — 5#17757%7)(5(“) ..yJ(kL)Pv Vl Li[j /yOtXOé,Udl---,LLJ(k'J_)
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2 The cross section for photoproduction processes

The differential cross section for production of two or more particles has the form:

(27m)*|AP

do =
44/ (k1k2)? — mim3

dq)n(kl + kQana I 7Qn) ’

where £ and k- are momenta of the initial particles (nucleon and ~ in the case of

photoproduction) and ¢; are momenta of final state particles. The

d®,, (k1 + k2,q1, - - -, qn) is the element of the n-body phase volume given by
d®,, (ki + k ) = 0k +k zn: -)ﬁ q;

The photoproduction amplitude can be written as
A= EILL’IZZ'AM’LLJP ,

where ¢, is the 7y polarization vector and u; and u ¢ are the bispinors of the initial and

final state nucleon.
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If particle polarizations are not known the amplitude squared is summed over
polarizations of final particles and averaged over polarization of initial particles.

1 ' m m )
AP = 3 DT eresa Anuy ™ u A

ajm
2 . . A A
N uD (k)a® (ki) = m+ k. — (m+ k) (1 _ 7;755)
1 =1

In the case of photon with momentum directed along z-axis

e, = (0;1,0,0) ex = (0;0,1,0)

For non-polarized case:

[0 0 0 0) Polarization (0 0 0 0 )
1 co o B l O 1 0 O along y axis O 0 0 O
2 Zo;s” T2l 0 0 1 0 s 0 0 1 0
\ 0 0 0 0 / \ 0 0 0 0 /
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Single meson photoproduction

tr 1/2- 01 3 1/2+ .
0.75 |- ggg 3 1) Meson-meson scattering:
05 E
025 [ o E only one observable is measured
PR T R R I N T T
"1 05 0 05 1 1 05 o0 o5 1 2) The wN elastic scattering:
2 3/2- R=08 Ml: 3/2- R=+08 3 observables should be measured for
15 3 F
1 —/\ 2 v a complete experiment.
05 1F . .
ol o bt 3) Meson photoproduction experiment:
-1 -0.5 0 0.5 1 -1 0.5 0 0.5 1
8 observables should be measured for
0.4 [ 3/2+ R=-0.8 1 - 3/2+ R=+0.8 .
T 0-75 - a complete experiment.
oo [ 0.5 \,/
' Z/\ 0.25 |
0 C . 1 11 0 [ . ] ]
1 0.5 0 0.5 1 1 0.5 0 0.5 1
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The resonance amplitudes for meson photoproduction

YP-R, - R, T pnm
., Ok, 0

The general form of the angular dependent part of the amplitude:
@(g1) Nay..ap (R2 = pN)F5L 78 (1 + g2) NP4 P (R — Ry
FoLm (PYV e (R =N )ulka ey

L
. oy L1, L
FlLhE(p) = (m+p)Oht AL (9o = L7 008) 1] 90:8.00k:0F

L.ar, 2L_|_1 Pl
1
Oazo; = §(vaﬂaj — You; Yor;)

36



