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Partial wave amplitude:

transition amplitude with fixed initial and final states

Quantum numbers: mesons IS JFC baryons: I.J', decay LS basis: 2°+1 L
P P G/ P/c/ G/ P/C/ /
IlGl‘Jl 1C1 _|_I2G2J2 2Cao (2S—|—1LJ> _, JG JPC _, Ii 1J{ 1 1_|_Ié 2J§ 202 (25 —HLf])

G = G1Go G=G.G),
P = P, Py(—1)F P =P/P(-1)F
L —Li<I<L+1L |[-Li<I<II+I
|J1—J2‘<S<J1—|—J2 J{—Jé|<S/<J{—|—Jé
S—Ll<J<S+L |-L|<J<S+1L

A(s,t) = Vu,.p, (S, L) PRt VI (ST, L) A(s)

n = .J mesons n =.J — 1/2 baryons
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In momentum representation the particle with spin J ( n=.J):

\I]/*Ll con

The spinor function  wu,, .. ,,, satisfies:

2 9
D Upypgpn = T Upy o pip

PuiUppg.qin = 0
Gpigi; Yy pia..opin, =0

u“l--'ﬂi-'-ﬂj---ﬂn - u,u,l...,LLj.../JJi.../,l,n

These conditions are the main basis for the construction of the projection operators,
which are defined as:

1

p2 — m2

P12 fon . DRI
P

VilV2...Unp VilV2...Unp
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1 Boson projection operators

In momentum representation:
2n+1
Hapze fin — ()P OH b2 un _ E (%)*
P _( ) 0 uﬁbluz Uy vy,

ViVva...Unp Vivs.. Un

The projection operator can depends only on the total momentum and the metric tensor.
For spin O it is a unit operator. For spin 1 the only possible combination is:

1 PuPv
O/Ij :g;u/ :guy T ;2

The propagator for the particle with spin S > 2 must be constructed from the tensors
gW this is the only combination which satisfies:
1
p,ug,ul/ — O
Then for spin 2 state we obtain:

1 1 | N
0511522 — 2(9M1V19M2V2 + gull/zguzvl) - §QM1M29V11/2
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Recurrent expression for the boson projector operator

O’ul _ i Z q e Mi—1Hi41e WL
L L2 ,ulyj I/J_ll/j—l—l Uy,
1,7=1
Z g g O M —1 il P — 141 L
(2L . 1) 2L 3 Hillj IV Vm Vk—1Vk+1---Vm—1Vm+1---VL
?,<] k<m

Normalization condition:
M- NL V1 Ml UL
Ol HL QUYL = Qh1--iL
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Orbital momentum operator

The angular momentum operator is constructed from momenta of particles k1, ko and

metric tensor g, .
For L = 0 this operator is a constant: X" =1

The L = 1 operator is a vector Xp(bl), constructed from:  k,, = % (k1, — k2,,) and
P, = (ki + k2,,). Orthogonality:

4
/d kX(l)X(O) /d kXW X =¢p,, =0

47-‘- 47T Hn ™ M2 Hn
Then:
xXVp, =0 X" P, =0
and:
PP,
Xp(bl) — k/_lL — kl/gl/ilu,a gylu (gl/u p2 ) :

incm.s k+ = (0, k)
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dk n n—2)
/ A X( ) X,L(L:s 59#1#2 =0

The orthogonality and symmetry properties can be written as the set of

following conditions:

1. X/(L?)/Lluj,un — ,L(LTlL),uJ,u,L,un (Symmetry)
2. PMXA(L?,),,M,,,M =0 (P-orthogonality)
3. G X O (tracelessness)

For low orbital momenta:

0 1 1 2 S 2 1
X =1; X, =k, ; XW:§ ki k, — 3]{1“” ;
X3 5 k_J_kJ_k_J_ ki J_k_J_ 1 k_l_ kJ_
uro 5 w v v ? g,LLV o _‘_gua v +gV04 W )
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Recurrent expression for the orbital momentum operators X, (n)
X 2 X
(ny _2n-1 (n—1) _2k% (n—2)
X.U'l---,un_T k X cebg— 141 nz gNzMgX Y [ L [ 1 U S Y 177
1=1 1,7=1

Taking into account the traceless property of X () we have:

" " - Yoo _1 (2n-1)
X X0 = a(n)(kD) a(n) = Z- = nl S

1=1

From the recursive procedure one can get the following expression for

the operator X ("):
|
h'd 1 2
xm = k=1 gt RL gr kb kR 4.

H1---Mn — k K172ttt T o — 1 H1p2 "3 HKn

k1 T
(2%—1)(2n—3> 9“1“29H3M4kﬂ5'°°ku4+"' + -

_|_



Introduction to Bonn-Gatchina partial wave analysis method Jilich 2011

Scattering of two spinless particles

Denote relative momenta of particles before and after interaction as q and k,
correspondingly. The structure of partial-wave amplitude with angular moment L=J
is determined by the convolution of the operators X (X) (k) and X (%) (q):

AL =BWr()X |, (kok -2 XD | (q) = BWi(s)X ,, ()X . (q)

BWL(S) Is the amplitude which depends on the total energy squared only.

The convolution X< ) (k)X( ) . (q) can be written in terms of Legendre

polynomials P (z):

L
X DX, () = o (1222 ) oo

L
(ktqt) 2n — 1
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Angular dependence of |Ay|?for J = L =0,1,2, 3 states.

2 1
L 08 F
06 F
6 - 1 [
04 |
5 ¢ 02 F
0 1 | 1 | 1 | 1 0 1 | 1 | 1 | 1

06 |t

0.4 f

10
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Structure of fermion propagator

The orthogonality condition has a different form in a fermion case:

/\PM(Z)\IJ*(CC)CZ4CE =Ap,+ By,

where A and B are matrices in spinor space.

It means that we have an additional condition:

YuWy =0 Yy =0 U, = —q,eP”
Ty pUp L ape E
I 0 o 0 &
VOZHZ ) VIBO‘: . ) 5
0 —1 —o 0

Here ¢ are 2 X 2 Pauly matrices:

0 1 0 —2
01 — 09 — 03 —

1 0 10

—1

11
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U o w —
VPo +m (po’)w® 0

() _ ((po + m)w*, —(p5)w®* *)
VDo —|—

Summing over positive energy solutions we obtain:

2
S ua® =y p

1=1

Orthogonality conditions for J = n + % spinors:

(ﬁ - m)u,ul...,un =0 p= Puu
Pu; Wy ...y — 0

Upy coopiyonaptgonprn, — Wpgcoipigoe iy iy
Gpipp; Uy .oy, = 0

Vi Wiy ..y, = 0

L2

12
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These properties define structure of the fermion projection operator P,fbl{::;/ﬁb”:
GH1-Bn — (_1)” m +p FHL--Bn
Vi...Up mz _pg Vi...Up

The boson projector operator projects any operator to one which satisfies all boson

properties. It means that we can write:

M1 by I ey v 7% a1...0n ,81...5n
Fyl...l/n T Oal...anT 1...0n Oyl...yn

T-operator should be constructed from the metric tensor and 7y-matrices.
1 1
Vo Vo, = 59%0@ T Oayays where Oa;a; = 5(’Yai7aj — ’Yozj%zi)
g g
YaiVa; Op,p, 7 =0

Therefore, the only nonzero structure is:

O'ul'uz“:?/ai”)/ﬁj 05152---

x109.. ViVvo...
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Then:

Ful un _Oul Hon L anOﬁl Bn

- On 61 Un

L+1 L
Tﬁall---[?LL - 2L +1 (galﬁl L—I—l Oy 84 Hgazﬁz
1=2

J=1/2 P=1

1
J=3/2 P=3 (guy ViV / 3) where v, = g,

14
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7 /N interaction

Pion has quantum numbers JPC = 0, proton 1/2+. Then in S-wave the only state
can be formed is 1/27. P-wave can form two states 1/27 and 3/27%.

In PDG review, states are defined by quantum numbers from the w /N decay: LQ],QJ. For
example D13 means 3/27 N* state.

States with JJ = L — 1/2 are called '~ states ( 1/27,3/27,5/27,...) and states with

J =1L+ 1/2arecalled '+ states ( 1/27,3/27,5/27,...).

For '+’ states:

+ . n
NM o Xlsl-)--,un

1---Mn
and for ’-’ states:

(n+1)

N, L 7:71/75Xy,u1...,um

H1--..

Any = W(k0)NGE L, FUEp (PN L, u(q) BWE ()

1...V1,—-1 Vy...
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In c.m.s. of the reaction

ijmRiqdm ,

n, = —w—¢
|| |q]

G(s,t) = > [(L+1)F/ (s) — LF (s)] P(2) ,
H(s,t) = D [Ff (s) + Fy ()] PL(2)
+ L+1 L . O‘(L) 4
Froo= (=17 (|kllq) ™ v/Xixs TR’ (s),
Fp = )RR VG S B (9

16
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~v NN interaction

Photon has quantum numbers J©¢ = 17—, proton 1/27. Then in S-wave two states

can be formedis 1/27 and 3/2~
Then P-wave 1/2%,3/2% and 1/27,3/27 5/2%.
In general case: 1/27,1/27 are described by two amplitudes and higher states by

three amplitudes.

Var it = i X3 Vi oty = Vevu X ot
V( +)u = Y15 X/%gé_l) ap V(2 )M X/&Zirl)an 3
VSRl = mis XSt g, VD = XETR gk,

Gauge invariance: £,,q1,, = 0 where g7 -photon momentum.
pdip q
guv@i)u C’ig V(3i)u

where C'* do not depend on angles.

17
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In ¢.m.s. of the reaction

A= Zu V*(HE)“Fﬁ1 B”N( ) (ql)suBWi( ) =w'Je W,

joik; . (Gk |
J, =1F10, + Fa(0 67)8“‘70 L 4 i F; 9 )q + 1 Fy <Z® qu -

&||q) E|lg
X
Fi(z) = [LM; + Ef|PL1(2) + (L+ )M, + Ef P4 (2),
Falz) = [(L+1)Mj +LM;]PL(2)
Fs(z) = (B — M\P/ 1 (2) + [Ef + M7 |P/_1(2),
)2
Fa(z)= [Mp —Ef —M; — E[|P[(2).

18
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Our amplitudes can be algebraically rewritten to multipole representation:

E; = Ez(l) 4+ EZ‘(Q) M; = Mz_(l) 4+ MZ_(Q)
| (L) (|kl|ql)*
B = ()RR L1 11 BWV6)
MZ‘(l) _ EZ‘(l) .
+(2 (L) (|k||q)*"
EL( ) — (—1)L«/Xin Ll Lol BWT™(s),

EX®
.
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2 The cross section for photoproduction processes

The differential cross section for production of two or more particles has the form:

(2m)*[A]?
4y/ (kiko)? — mim3

do = dq)n<k1+k27Q17'”7qn) )

where k; and ks are momenta of the initial particles (nucleon and 7 in the case of

photoproduction) and @; are momenta of final state particles. The

d®,, (k1 + k2,q1, - - -, qn) is the element of the n-body phase volume given by
d®,, (ki + k ) = &k +k zn: -)ﬁ g
n\vl 2,41,--.,qn — 1 2 — qi Pl (27-‘-)32qu )

The photoproduction amplitude can be written as

where €, is the <y polarization vector and u; and u ¢ are the bispinors of the initial and

final state nucleon.

20
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If particle polarizations are not known the amplitude squared is summed over

polarizations of final particles and averaged over polarization of initial particles.

’A|2 Z 8*04 o~ (J ugcm)ﬂ;m)A,,ugj) :

O{jm

2
S u® (k)a® (k) = m+ by — (m + k) (1 _ 2'755*)

e, = (0;1,0,0) g2 =(0;0,1,0)

For non-polarized case:
O

Polarization

1 O
g along y axis g

L JeNeY
v Sp

DO | —

Q

N | —
o O O o©
o O =k O
o = O O
o O O oO©
o O o o
o O O O©
o = O O
o O O o

> R
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Single meson photoproduction

0.75
0.5
0.25

15

0.5

0.4

0.2

- 1/2-

[ I |

1 -0.5 0 0.5

- 3/2- R=-0.8
[ 1 l 1 l 1 l 1
1 -0.5 0 0.5

3 3/2+ R=-0.8
R T BT B

0.1
0.08
0.06
0.04
0.02

0.75
0.5
0.25

O B N W
1

3 1/2+
: ] |
1 -0.5 0 0.5 1
E 3/2- R=+0.8
] |
1 -0.5 0 0.5 1
3/2+ R=+0.8
] |
1 -0.5 0 0.5 1
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1) Meson-meson scattering:

only one observable is measured

2) The N elastic scattering:

3 observables should be measured for
a complete experiment.

3) Meson photoproduction experiment:
8 observables should be measured for

a complete experiment.
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NN - scattering

Transition of two baryons with momenta  p; and p2 into two baryons with p’1 and p’2,
s=(p1+p2)* = Py +05)% k=p1 —p2, k' = py — phy:

A= (DY Kue(—ph) ) Ottt (e (~p2)ViStE,,, (B )u(pr) Apuols)

—09 0

ui(—p) = Cuj(p) C == ( oo >

Vertex operators:

Vi, = X, () Vil =t X5 ()
J
Vl - ,ui — 5#1?757%7X£(MZ LV (kJ_)P’Y Vl Lii fYOfXOé/il---,U«J (kJ_)



Introduction to Bonn-Gatchina partial wave analysis method Julich 2011

The resonance amplitudes for meson photoproduction

YP-R, - R, T pnm
., Ok, 0

The general form of the angular dependent part of the amplitude:

@(q1)Nay...a, (B2 —>MN)F“1'”O‘” (01 + a2)N32% 7 (Ry — pR)
F0m(PYVER (R —yN)u(k)ey,

m

CL+1 L Y
Fﬂll.-.v’? (p) = (m—|—p)051 aL 2L +1 Ja161 — L_|_1‘704151 go‘zﬁzogll
1=2
1

Ua@-aj — 5(7ai7aj o ’7063',7041‘)

BL

24
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Energy independent analysis

><h

77777
—T

Julich 2011 25

(the N elastic scattering)

Energy part of partial amplitudes are fitted as parameters

(L+1)F(s) — LF; (s) Pr(2)

Axn =w* [G(s,t) + H(s,t)i(on

e o o o e e o e ot SEUNE

0.3 F
02 F

0.1 F

-0.1 F

-0.2 F

-0.3

05 F

0.4 F

I EN ER S R R S B B B
1.1 .2 1.3 14 15 16 1.7 1.8 1.9 2
M (mN) GeV

Ll b b b b b b b b by
1.1 2 1.3 14 15 1.6 1.7 1.8 1.9 2
M (rN) GeV

H(s, t)=

an)|w’

> h I
Fi(s)+ Fp (s) Pp(z)
L

The strong signals can be
extracted from existing da-
ta imposing dispersion rela-

tions.
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Energy dependent analysis

Extraction of leading singularities
1. Pole singularities : stable particles and resonances.

2. Threshold (square root) singularities  defined by the decay of the system into final

particles.
3. Logarithmical singularities  due to rescattering of three particles (triangle diagrams).

4. Box singularities (one over square root) defined by 4 particle rescattering (box

diagrams).

5. cuts on left-hand side complex plane due to exchange processes.

(M, +m,)*-(np)? (M, +m,+np)®
- . (my+m,)? "
@ [
e M2

26
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The simplest parameterization of the pole, Breit-Wigner amplitude:

A

A=
M? —s—iMT

The poleis at s = M? — iMT. The residue in the pole R = A, the amplitude has a
peak at s = M?.

The width of the state is formed by decays into open channels. Then the threshold

singularities should be taken into account:

A p = gagb
M? — s —inj(s)gjz-
J

where p;(s) is the phase volume.

Two body phase volume:

V(5 = (m1+m2)?)(s — (m1 —ma)?) k2L
S F(L, k'Q,T)

p(s,mi,ms) =



Introduction to Bonn-Gatchina partial wave analysis method Jilich 2011

Three body phase volume:

(vs—m1)? s
P (8) . / dsa3 p(S, V 5235 ml) MRFtot
3 — 2 R ’
T (Mg —s23)°+(Mgl'i)?
(mo+ms)?
R 2
MRL;;; = p(s23, m2, m3)g”(523) ,
~ 02 ~ 02
> >
O o 1 1 O o0.1f
i [ g - 2
v | Scut & f(my+my) B
E I (7)) O__ L4 >
£ -0.2r 4 - : :
: : E b M2 - R
_ | -0. P MZ- 1M T !
0.4F 2 -3 ' . '
I 4" -0.2F AY 1B
0.6 | oaf i . i
[ 3 2' e [ L I :
08y 0.4 (Vs-m )
14 16 18 2 22 24 1 12 14 16 18 2

2
Re s, GeV’ Re s, GeV
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3 K -matrix representation of the scattering amplitude

The unitarity condition for the partial wave amplitude:

SS+ =1 S =1+ 2ip(s)A(s)
I .,\IA( N ~
g trwh ., 2ipA(s), A(s) = K(I —ipK)™"
I —ipK

Where K is a real matrix.

One pole, multi-channel K-matrix corresponds to the relativistic Breit-Wigner amplitude:

gagb — Aab — gagb

Koy =
B TER, M2 =5 = i3 p5(5)07
J
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The K-matrix amplitude can be considered as a solution of Bethe-Salpeter equation:

) O O

i ds’ A,i(s,s")ipi(s")K (s
Aab(S,S) _ / - ]( 8/)_8.7(_7:)0 J ( ) _|_Kab(3)
4m?

But ... with omitted real part of loop diagrams:

P

Ay = Agjipj()Kjp + Koy — A=K —-ipK)™?

30
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P-vector approach

The vy — 77 reaction: the contribution from the  ~y~y-loop to the width of the state can

be neglected.

1!
. B An (n)
Ay, = Py(I —ipK)5;} P = M29i8+Fj

31
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N/D based analysis of the data

In the case of resonance contributions only we have factorization and Bethe-Salpeter

equation can be easily solved:

in K
J m J K i m O
:@: = :@:@: + —
in K
X Vi 1 (k) 1 N _(m), g
Airy = Air Bkm< ) 1 + 53m Bkm(S) _ ds Yo (S )p(S )ga (S)
. ’ “ Mpm —s  M?—s “ T s’ — s — 10
* 4m?2
. . . S . )J( y
A=ik(I—-BkR)™" kij=-—52— BY=  Bi™(s)

For non-resonant contributions: there is no factorization and the amplitude can have a
complicated energy dependence. However in majority of K-matrix analysis the
non-resonant contributions are constant or have a simple energy dependence
Non-factorization can be taken into account by introduction of two transitions with fixed

left and right vertices.
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Parameterization of ;3 wave: 3 resonances 8 channels, 4 non-resonant contributions
7N — N, TN — nN, 7N — K>, N — Am.Itcorrespondsto & x & channel

K-matrix and 5 X 5 N/D-matrix .

In many cases (fixed form-factor or subtraction procedure) the real part can be

calculated in advance (for S-wave):

_ 2 i S nl_p(S)
B@y_Rd%M)+7JM)ll+p@)

The P-vector approach is strait forward:

_ i J _ i J
Ap=F D=0 Py=3 =G

1. This approach satisfies analyticity and two body unitarity conditions. It takes

1 — p(M?)
1+ p(M?)

2

— p(M?) In | +ip(s)g

left-hand side singularities into account.

2. The approach is suitable for the analysis of high statistic data in combined analysis

of many reactions.

3. However: a treatment of the real part for interfering resonances is model dependent.
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Methods for parameter optimization

1. The two body final states 7N — 7N, mm — 7w, yp — ©wN, pp(at rest) — 3

X2 method. For n measured bins we minimize

2
@ =3 @PWA) — oy (eap)
; (Aoj(exp))?
2. Reactions with three or more final states are analyzed with logarithm likelihood

method. The minimization function;

N (data)
. 0,4 (PWA)
f__ Z lnN(recMC)
j S g, (PWA)

This method allows us to take into account all correlations in many dimensional

phase space.

34



